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Chapter 4
Image Enhancement in the
Frequency Domain

Fourier Series

Fourier Transform

Discrete Fourier Transform

Fourier Transform for Image Enhancement

Implementation
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Chapter 4.1 Background

€. Gonzalez
Richard E, Woods
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FIGURE 4.1 The function at the bottom is the sum of the four functions above it.
Fourier’s idea in 1807 that periodic functions could be represented as a weighted sum
of sines and cosines was met with skepticism.
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4.2 Fourier Transform in the

Frequency Domain

Fourier transform F'(u) of f(x) 1s defined as

F)=[ f(x)e ™ dx
The inverse Fourier Transform 1s
@)= Fu)e™ du
DFT for Dlscrete function f(x), x=0,1,..M-1

F(u) =
Inverse DFT

Zf (x)e‘””““Mfom 0.1,. M-I

xO

f(x)= ZF (u)e "
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4.2 Fourier Transform in the
Frequency Domain

» Example (1-D DFT, Fig.4.2)
* f(x) sampled K points or f(x) sampled 2K points

» More samplesin time domain (higher resolution) —
Lower resolution in frequency domain.

» Scaling property of DFT
fax, by)< F (u/a, v/b)/|ab|
* Sampling : f(x)=f(x,+tAx), Ax is the time resolution
f(x) — F(u)=F(u+ Au), Au is the freq. resolution.
Au=1/(MAx)
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4.2 Fourier Transform in the
Freguency Domain

f(x) [F(u) ab
i Ak * i
M FIGURE 4.2 (a) A
) discrete function
el of M points, and
(b) its Fourier
spectrum. (¢) A
discrete function
| , gy e . : »u  With twice the
| M points —— | M points —— D
NoNzZero points,
F(u)| and (d) its Fourier
T spectrum.
M w
f(x)
4
A 2K points
a1

=4 - I
I M points ———— I M points ———
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4.2 Fourier Transform in the
Frequency Domain

o Fordiscrete case (DFT: Discrete Fourier Transform)
e fix), x=0,...M-1
* f(xy), f(x)TAX)..........[(x )+ (M-1) Ax)
Jx)= f(xytxAx)
e Fu), u=0,..M-1
 Fuy), FluytAau)......... f(u,+(M-1)Au)
Fu)= F(u,tudu)
Au= 1/MAx
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%8 4.2.2 The Two-dimensional Discrete Fourier

Transform(DFT)
« 2D-DFT of f(x, y) of size MxN
M-1N-1
F(l/l V) . M_NZZf(x y)e—]Zﬂ(ux/M—i-vy/N)
* Inverse 2-D DFT [ata
f(X,y) _ ZZF(M,V)QJM(W/MJFW/N)
u=0 v=0

« Magnitude and Phase of F(u, v)=R(u, v) + jl(u,v)
F(u, v)|=(R*(u, v)+I(u, v))"?
Au, v)=tan' (I(u,v)/R(u,v))
* Power Spectrum
Pu,v)=|F(u,v)|*=R’(u, v)+I(u,v)
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4.2.2 The Two-dimensional Discrete Fourier
' Transform(DFT)

* Modulation 1n space domain
SO, y)(-1)7

o F(u,v) will be shifted to (M/2, N/2)
F(u-M/2, v-N/2)

* The center of (v, v), u=1,..M, v=1I1,..N
u=M/2)+1, v=(N/2)+1

* Average of f(x,y) F(0, 0)=MLNMZI§JF(XJ)

x=0 y=0
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by
=gt 4.2.2 The Two-dimensional Discrete Fourier
Transform (D FT)

* Forreal f(x,y)
F, v)=F*-u, -v)
F(u, v)|=|F(-u, -v)|

* Samples in the space domain and frequency
domain Au= 1/MAx

Av=1/NAy
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FIGURE 4.3

(a) Image of a
20 % 40 white
rectangle on a
black background
of size 512 x 512
pixels.

(b) Centered
Fourier spectrum
shown after
application

of the log
transformation
gIven in

Eq. (3.2-2).
Compare with
Fig. 4.2.

4.2.2 The Two-dimensional Discrete Fourier

Transform(DFT)

T
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4.2.3 Filtering in the Freguency Domain

a
b

FIGURE 4.4

(a) SEM image of
a damaged
integrated circuit.
(b) Fourier
spectrum of (a).
(Original image
courtesy of Dr. I.
M. Hudak,
Brockhouse
[nstitute for
Materials
Research,
McMaster
University,
Hamilton,
Ontario, Canada.)
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4.2.3 Filtering in the Frequency Domain

Filtering in Frequency domain steps:

)
2)
3)

4)
5)
6)

Multiply the input 1image by (-1)*

Compute DFT of the input image and get F(u, v)

Multiply F(u,v) by a filter function H(u,v)
G(u,v)=F(u,v)H(u,v)

Computer the inverse DET of G(u,v), i.e., ¥ {G(u,v)}

Obtain the real part of the g(x,y)

Multiply g(x,y) with (-1)*¥
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Frequency domain filtering operation

Pre-
processing

flx.y)

[nput
image

Fourier
transform

Flu, v)

Filter

function
H (i, v)

Inverse
Fourier
transform

H i, v)Flu,v)

FIGURE 4.5 Basic steps for filtering in the frequency domain.

4.2.3 Filtering in the Freguency Domain

Post-
processing

2(x.y)
Enhanced
image



4.2.3 Filtering in the Freguency Domain

Notch filter: H(u, v)=0 1f (u, v)=(M/2, N/2),
H(u, v)=1 otherwise

FIGURE 4.6
Result of filtering
the image in

Fig. 4.4(a) with a
notch filter that
set to 0 the
F(0,0) term in
the Fourier
transform.

| H(u, v)

M/2, N/2
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4.2.3 Filtering in the Freguency Domain

Hin, v

i

ab
c d

FIGURE 4.7 (a) A two-dimensional lowpass filter function. (b) Result of lowpass filtering the image in Fig. 4.4{a).
(c) A two-dimensional highpass filter function. (d) Result of highpass filtering the image in Fig. 4.4{a).
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FIGURE 4.8

Result of highpass
filtering the image
in Fig. 4.4{a) with
the filter in

Fig. 4.7(c).
modified by
adding a constant
of one-half the
filter height to the
filter function.
Compare with
Fig. 4.4(a).
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4.2.3 Filtering in the Frequency Domain
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4.2 .4 Filtering in spatial and frequency domains

e Convolution in time domain
M-1N-1

S (x, 3)*h(x, y)——ZZf(m n)h(x—m,y—n)

o fix, v)*h(x, )< F(u, v)H(u, v)
i.e., fx, V)*h(x, v)=F {F(u, v)H(u, v)}
» Convolution in freq domain
F(u, v)*H(u, v) < f(x, v)h(x, y)
i.e., TYx, y)h(x, y)}=F(u, v)*H(u,v)

/1, 3) ) g )
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4.2 .4 Filtering in spatial and frequency domains

* An impulse of strength A, located at coordinates (x,,
¥y), 1s denoted as Ao(x-x,, y-y, )

* An unit impulseis defined as o(x, y). i.e., d(x, y)=1
only when x=0, y=0, o(x, y)=0 otherwise.

* For function s(x, y) (a) sampled at (0, 0) 1s denoted as
2.2.5(x, y)o(x, y) = s(0, 0), (b) sampled at (x,, y,), 18
Exzys(x’ Y)Oo(x — x4 ¥ ~yy) = 5(xy, ¥yp),

e The Fourier transform of o(x, y ) 1s

M-1N-1 1

F u,v) = 5 X e—]Zﬂ(ux/M+vy/N)
(u,v) = —ZZ( ) TN

xOyO
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. gl S‘ﬂ 4.2.4 Filtering in spatial and frequency domains

Rafael €. Gonzalez

o If we let f(x, y)= o(x, v) then
M—-1N-1

J(x, 3)*h(x, y)——ZZ5(m mh(x—m,y - n)——h(x y)

m=0 n=0
* o(xY)*h(xy)= F {o(x, y)iH(u,v)
h(x,y)< H(u,v)
 Gaussian filters — lowpass filtering
H(u) = Ae™ 2 h(x) =+ 2rode ™o
 Difference of two Gaussian filters —highpass filtering

_2/2 2 _2/2 2
H(u)=Ae " °°" —Be™ '™
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Image
Processing

4.2.4 Filtering in spatial and frequency domains

H(u) H(u) ab
Iy 4 i
FIGURE 4.9

(a) Gaussian
frequency domain
lowpass filter.

(b) Gaussian
frequency domain
highpass filter.

(c) Corresponding
lowpass spatial
filter.

(d) Corresponding
highpass spatial
filter. The masks
h(x) h(x) shown are used in
i Chapter 3 for
lowpass and

| = highpass filtering.

1 —1] & -1
1 —1{=1{-1

!




Image Comm. Lab EE/NTHU 21

4.3 Smoothing Frequency-Domain Filters

Fregq-Domain Filtering:
G(u,v)=H(u,v)F(u,v)

Filter H(u,v)

Ideal filter

Butterworth filter

Gaussian Filter
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4.3.1 ldeal Low pass filter

* H(u, v) with Sharp cut-off at cut-off frequency D,
ie., H(u, v)=1 if D(u, v)<D,
=0 if D(u, v)>D,
* For image of size M X N, the center 1s at (u, v)=(M/2,
N/2). The distance from any point to the center 1s
D(u, v)=[(u-M/2)°+(v-N/2)?]"?
 Cut off frequencyis D,

» Total power: -

P. = P(u,v)

u=0 v

2

I
)



4.3.1 ldeal Low pass filter

Hu, v) H(u,v)

w Diu,v)

3 bc

FIGURE 4.10 (a) Perspective plot of an ideal lowpass filter transfer function. (b) Filter displayed as an
image. (c) Filter radial cross section.
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4.3.1 ldeal Low pass filter

L

;
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FIGURE 4.11 (a) An image of size 500 x 500 pixels and (b) its Fourier spectrum. The
superimposed circles have radii values of 5. 15, 30, 80, and 230, which enclose 92.0,
U4.6,96.4, 98.0, and 99.5% of the image power, respectively.



ab FIGURHIQ (a) Original

¢ d frequencies set at rddnmluus
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4.3.1 ldeal Low pass filter

[1 (1) Results of ideal lowpass fltering with cutoff
515, 30,80, and 230, as shown in FLL.M (b). The

¢ {  power removed by these fiters was 8.3.4, 36,2, and (.3% of the total, respectively.

a
-

aaaaﬂaaa

%
"'»’;';.:;z

e d

.aili‘.‘

=
JIFFEH

saannag

w8 .
T

aaaaaaad

® S
cee L

aaaaaaad




i. 4 Image Comm. Lab EE/NTHU 26
Processing J

4.3.1 ldeal Low pass filter

AR LA

Y v

ML

ab A U U W
cd
FIGURE 4.13 (a) A frequency-domain ILPF of radius 5. (b} Corresponding spatial

filter {note the ringing). (c) Five impulses in the spatial domain, simulating the values
of five pixels. (d) Convolution of (b} and {c) in the spatial domain.
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4.3.2 Butterworth Lowpass Filter (BLPF)

» Butterworth filter has no sharp cutoff
1
1+[D(u,v)/ D,T*"

* At cutoff frequency D,: H(u, v)=0.5

H(u,v) =



4.3.2 Butterworth Lowpass Filter

H{u,v) H{u, v)
&
T 1.0
J'!I ..I':.
”'}I | 11 5 0.5
! “ ey v
Tl

FIGURE 4.14 (a) Perspective plot of a Butterworth lowpass filter transfer function. (b) Filter displayed as an
image. (¢) Filter radial cross sections of orders 1 through 4,
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4.3.2 Butterworth Lowpass Filter
SRR f | ~1

(ITTTTH e

aaaaaaad \ |
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Sa vl ad
(I ({1l
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2@ | i
TS
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a b FIGURE 4.15 (a) Original image. (b)—{f) Resulls of filtering with BLPFs of order 2,
cd with cotoff frequencies at radii of 3, 15, 30, 80, and 230, as shown in Fig. 4.11(b).
e [ Compare with Fig. 4.12.
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4.3.2 Butterworth Lowpass Filter

abcd

FIGURE 4.16 (a)—(d) Spatial representation of BLPFs of order 1, 2.5, and 20, and corresponding gray-level
profiles through the center of the filters (all filters have a cutoff frequency of 5). Note that ringing increases
as a function of filter order.
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4.3.3 Gaussian Lowpass Filter (GLPF)

* Gaussian low-pass filter (GLPF)
H(u,v) _ e—Dz(u,V)/Zcz

* Let o=D, , ,
H(U,V) _ e—D (u,v)/2D;

 When D(u, v)=D,, H(u, v)=0.667
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4.3.3 Gaussian Lowpass Filter

Hu, v) Hu, v)

0.667

TEEosToe Tl

abc

FIGURE 4.17 (a) Perspective plot of a GLPF transfer function. (b) Filter displaved as an image. (¢) Filter
radial cross sections for various values of D,.
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4.3.3 Gaussian Lowpass Filter

B
111
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I
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Fg 4.11(b). Compare with Figs. 4.12 and 4.15.
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FIGURE 4.18 (a) Original image. (b)-{f) Results of fltering with Gaussian lowpass  a b
filters with cutofl frequencies sel at radii values of 5, 15, 30, 80, and 230, as shown in -~ ¢ d
e [
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FIGURE 4.19

(a) Sample text of
poor resolution
(note broken
characters in
magnified view).
(b) Result of
filtering with a
GLPF (broken
character
segments were
joined).
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4.3.4 Other Lowpass filtering examples

Historicaliy, certain computer
programs were written using
only two digits rather than
four to define the applicable
yaar. Accordingly, the
company's software may
recognize a date using "00°"
as 1900 rather than the yEZr

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the yEar

e &

—{ea
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4.3.4 Other Lowpass filtering examples

abc

FIGURE 4.20 (a) Original image (1028 X 732 pixels). (b) Result of filtering with a GLPF with D, = 100.
(¢) Result of filtering with a GLPF with D, = 80. Note reduction in skin fine lines in the magnified sections
of (byand (c).
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4.3.4 Other Lowpass filtering examples

s

FIGURE 4.21 (a) Image showing prominent scan lines. (b) Result of using a GLPF with D, = 30. (¢) Result
of using a GLPF with D, = 10. (Original image courtesy of NOAA.)
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4.4 Sharpening Frequency-Domain Filter

« Highpass filtering:
H, (u,v)=1-H,(u,v)
* Given a lowpass filter H, (u,v), find the spatial
representation of the highpass filter

(1) Compute the inverse DFT of A lp(u, V)
(2) Multiply the real part of the result with (-7 )y
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4.4 Sharpening Freguency-Domain Filter

Hiu, v
L
Lof
® -
[
= Du, v
“H . . l ( :'
u
Hiu, v)
..... Hiw. v) L0
. - f
. = u, v
u T x"k 5 { K
u
Hiu, v)
................. Hiu, v) L0
¥ ; —
=D, v
T Ty 4. (w. v)
i

(o)==l -
= oo
== - 0

FIGURE 4.22 Top row: Perspective plot, image representation, and cross section of a tyvpical ideal highpass
filter. Middle and bottom rows: The same sequence for typical Butterworth and Gaussian highpass filters.
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il

FIGURE 4.23 Spatial representations of typical (a) ideal, (b) Butterworth, and (c) Gaussian frequency
domain highpass filters, and corresponding gray-level profiles.
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4.4.1 ldeal Highpass Filter (IHPF)

* H(u, v)=0 if D(u, v)<D,
=1if D(u, v)>D,
* The center 1s at (u, v)=(M/2, N/2)
D(u, v)=[(u-M/2)*+(v-N/2)*]"
* Cut off frequency is D,
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4.4.1 ldeal Highpass Filter (IHPF)

a a9 9

A e

FIGURE 4.24 Results of ideal highpass filtering the mmage in Fig. 4.11{(a) with D, = 15, 30, and 80,
respectively. Problems with ringing are quite evident in (a) and (b).
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4.4.2 Butterworth Highpass Filter (BHPF)

» Butterworth filter has no sharp cutoff
1
1+[D, / D(u,v)]”"

* At cutoff frequency D,: H(u, v)=0.5

H(u,v) =
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4.4.2 Butterworth Highpass Filter (BHPF)

a b c

FIGURE 4.25 Results of highpass filtering the image in Fig. 4.11(a) using a BHPF of order 2 with D, = 15,
30, and 80, respectively. These results are much smoother than those obtained with an |HPE
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4.4.3 Gaussian Highpass Filter (GHPF)

* Gaussian Highpass filter (GHPF)

H(M, V) _ 1 . e—D2 (u,v)/20'2

e Let o=D , ,
0 H(u,v) —1_e P (u,v)/2D;

 When D(u, v)=D,, H(u, v)=0.667



4.4.3 Gaussian Highpass Filter

S R e

FIGURE 4.26 Results of highpass filtering the image of Fig. 4.11(a) using a GHPF of order 2 with D, = 15.
30, and 80, respectively. Compare with Figs. 4.24 and 4.25.
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4.4.4 Laplacian in the Frequency Domain

 Fourier property: )
a{d / (’“)} — (ju) F(u)
dx”
q{dﬂf (%) 47T (xy )} = (ju)" F(u,v) +(jv) F(u,v)
dx” dy”

=—(u’ +Vv)F(u,v)
T[sz(x,y)]: —(u” +Vv)F(u,v) = Hu,v)F(u,v)
. H(u, v) = —(u’+v°)
o If F(u, v) has been centered by f(x, y)(-1)*™
then H(u, v)= —[(u-M/2)?+(v-N/2)?]
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4.4.4 Laplacian in the Frequency Domain

Laplacian filtering

Vi (e, ) =F {[(u-M/2) +(v—-N/2)1F(u,v)}
Enhanced image g(x, y)=Ax, y)- V*f(x, y)
G(u,v)=F(u,v)H(u, v)

H(u,v)= 1-[(u-M/2)*+(v-N/2)?]
g )= {1 —((u-M/2)°+(v-N/2)°)1F (u,v)}
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4.4.4 Laplacian in the Frequency Domain

e
f

ab
e d

FIGURE 4.27 (a) 3-D plot of Laplacian in the frequency domain. (b} Image representation of (a).
ic) Laplacian in the spatial domain obtained from the inverse DFT of (b}. {d) Zoomed section of the origin
of (c). (e) Gray-level profile through the center of (d). (f) Laplacian mask used in Section 3.7.
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4.4.4 Laplacian in the Frequency Domain

ab
c d

FIGURE 4.28

{a) Image of the
North Pole of the
moon.

(b) Laplacian
filtered image.
ic) Laplacian
image scaled.

(d) Image
enhanced by
using Eq. (4.4-12).
(Original image
courtesy of
NASA)
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4.4.5 Unsharp masking High-boost filtering
and High frequency emphasis filtering

* Highpass filtered image: £, (x, y)=A(x, y)-f,,(x, )
* High-boost image: f,,(x, y)=Af(x, y)-f,(x, ¥)
or fup(x, ¥)=(A-Df(x, y)-f;,(x, ¥)
* In Freq. Domain: F (u, v)= F(u, v)-F,(u, v)
The highpass filter: Hy,(u, v)= 1-H,,(u, v)
The high-boost filter: H,,(u, v)= (4-1)+H,,(u, v), A=1
* High frequency emphasis filter:
H,(u, v) = atbH, (u, v) where a0, b>a
a=0.25~0.5, b=1.5~2.0
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4.4.5 Unsharp masking High-boost filtering
and High frequency emphasis filtering

e

FIGURE 4.29
Same as Fig. 3.43,
but using
frequency domain
filtering. (a) Input
image.
(b) Laplacian of
{a).(c¢) Image
obtained using
Eq. (4.4-17) with
A = 2.(d) Same
j, but with
2.7.(Original
image courtesy of
Mr. Michael
Shaffer,
Department of
Geological
Sciences,
University of
Oregon, Eugene. )
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4.4.5 Unsharp masking High-boost filtering
and High frequency emphasis filtering

a b
c d

FIGURE 4.30

(a) A chest X-ray
image. (b) Result
of Butterworth
highpass filtering.
(¢) Result of high-
frequency
emphasis filtering.
(d) Result of
performing
histogram
equalization on
(c). (Original
image courlesy
Dr. Thomas

R. Gest, Division
of Anatomical
Sciences,
University of
Michigan Medical
School.)
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4.5 Homomorphic Filtering

« Improve image by simultaneous gray-level range
compression and contrast enhancement

S, y)=i(x, y)r(x, y)

where i(x, y)=illumination, r(x, y)=reflectance
* i(x, y)and r(x, y) are not separable
* Define z(x, y)=inif(x, y)y=Inii(x, y)} Tinir(x, y)}
o Rz(x, y)}=F{inflx, y)}=Hini(x, y)} +Rinr(x, y)}

or Z(u, v)=F,(u, v)+*F (u, v)

* Applying filter H(u, v) :

Stu, v)=H(u, v)Z(u, v)

=H(u, v)F(u, v)+H(u, v)F .(u, v)
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4.5 Homomorphic Filtering

S(x, y)=FHS(u, v)}
=FY{H(u, v)F(u, v)} +FY{H(u, v)F (u, v)}
=i'(x, y)tr'x y)

© g(x, y)=est V= el ) e V=((x, y)ry(x, y)

e The 1llumination component is characterized by
slow spatial variation

e The reflectance component tends to vary abruptly
especially at the junction of dissimilar objects.

« Homomorphic filter H(u, v) affects the low and
high frequency components 1n a different ways.
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4.5 Homomorphic Filtering

Hu. v) FIGURE 4.32

(D (v DP) (:m_ﬁ? suicliﬂn of a

—c u,v circularly
H(U,V) — (7/H o 7/L)[1 —€ " ] + Vi sy'mnwtfir filter
function. D(u, v)

YL — _ _ . _ _ 1s the distance
from the origin of
the centered
transform.

FIGURE 4.31
Homomorphic
filtering approach
for image
enhancement.

L )

D, v)



igital
Image
Processing

ab

FIGURE 4.33

(a) Original
image. (b) Image
processed by
homomorphic
filtering (note
details inside
shelter).
(Stockham.)
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4.5 Homomorphic Filtering
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4.6 Implmentation

* Translation
f(x,y)ej27r(uox/M+v0y/N) & Fu—uy,v—v,)
F(x—=xp,y —v,) < Flu, p)e 2o/ M+ )
 Distributivity
Hfy 06 y34, (6 »)I= 27 (6 IS, (6 )]
» Scaling
af(x, )< aF (u, v) and flax, by)< F (u/a, v/b)/|ab|
« Rotation (in polar coordinate, f(x, y) —=f(r, ), F(u,
v)=>Fw, ¢)).
flr, 0+ )= F(w, 9+ 0))
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4.6 Implmentation

* Periodicity and conjugate symmetry
Fu, v)=Fu+M, v)=F(u, v+tN)=F(u+M, v+N).
Jx, Y)=/(x+M, y)=f(x, y+N)=f(x+M, y+N).
 DFT is conjugate symmetry, i.e.
Fu, v)=F*(-u, -v)
Fu, v)=|F(-u, -v)|
e The values of F(u, v), u, v=(M/2)+1 ~ M-1 are

reflection of the values of F(u, v), u, v=(M/2)-
1 ~0
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Processing :

4.6 Implmentation

ab |Fut) |F(ut)
G
P r,""\‘l. . Pt
FIGURE 4.34 Ty A 4
: T A y £ /
(a) Fourier St S B Vo NPy ot ST ¥ WP OGNS Vot WESHS NN i S Vi e o S
spectrum showing -M 2 0 M2 N 0 M2 M1
back-to-back +———One pericd ——| ' #+———Oine period ——]

half periods in

the interval

|0, M — 1].

(b) Shifted
spectrum showing
a full period in the
same interval.

(c) Fourier
spectrum of an
image, showing the
same back-to-back
properties as (a),
but in two
dimensions.

(d) Centered
Fourier spectrum.
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4.6 Implmentation

* Separability

F(u,v)_%NZ: —j27(vy/N) I X Zf(x y)e—jZﬂ'(ux/M)
=0
1 NZ_I 27 (v N)
- F(u,y)e_] i
MN =

—> X — U — U
I T I
Y y

fx, ) e—j27r(ux/M) F(u, )
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Image
Processing

4.6 Implmentation

FIGURE 4.35
Computation of
F(u,y) F(u.v) the 2-D Fourier
transform as a
series of 1-D
transforms.

1-D 1-D
row column
transforms transforms
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4.6 Implmentation

o Computing Inverse DFT using forward DFT
 The DFT and Inverse DFT are

M-1N-1
F(u,v) __ZZf(x y)e—]27r(ux/M+vy/N)
x=0 y=0
M-1N-1

f(x,y) _ ZZF(M’V)ejbr(ux/Mﬂ/y/N)

e Take complexu(::(z)vﬁj)ugate on both side and divide MN as

M-1N-1
f (X y)_ ZZF (u V)e—]27r(ux/M+vy/N)
=00 |DFT

F(u, v) fx, y)

oI Complex Complex 1
conjugate conjugate
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Image
Prgcegsing
a f _f'l:r.l.l:l _fl:m:I
B g ! [}
ch
d i
e J
FIGURE 4.36 Left: —t : * i — ’ : ’ ~ it
convolution of oo oo
two discrete him) him)
functions. Right: t '
convolution of the
same functions,
taking into :
account the — - _ -
i.l-”p]jed il R{L1] dimi i Sl FILE]
periodicity of the hi{—m) h{—m)
DFT. Note in (j) $ !
how data from
adjacent periods )
corrupt the result
of convolution. o . - it
i ' :|I|| ' .IIIII 1] a1l i i
. hix — m) hix — m)
f
4.6 Implmentation
— [ p— — [ f—
The periodic property of DFT - N
il R{L1] dimi i Sl LI
flxyegix) flx)=glx)
' |
1 M-1
f@*h(x)=—"3 f(m)h(x-m) e TavaV
M 154 LY 15 -
m=0
+ +—t t —t + } = +—t t + - i
i {L1] Jimi il L] O o0 e e Jin
—~ Ruangs of b=

Fourier transform
COMm puakion
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igital
Image N
Processing At/

ongm

2
FIGURE 4.37
Result of

performing
convolution with ;
extended 0 00
functions B
Compare ha(m)
Figs. 4.37({e) and
4.36(0e).

4.6 Implmentation —

Jo(x)=fx), 0sx<A-1 _
fox)=0, Asx<P I
h.(x)=h(x), 0<c<B-1 o
h,(x)=0, B=<x<P "

Jx)*h(x),— f.(x)*h,(x) .
length P=A+B-1 o)
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Image
Processing

e — - a

; C

el FIGURE 4.38
[llustration of the
A p One of the two need for function
Correct original images padding
‘T (a) Result of
performing 2-D
P ] A . ‘ol :
! + LU.['l"r{’: utron )
! < without padding.
l (b) Proper
I - . "
| o Zero padding function padding.
! Missing (¢) Correct
I .
: convolution
! ¥ result.
5D 1— - 0 :
Result of filtering in the frequency domain without Properly extended (padded) image
properly padding the inputimages.
—
P Correct
P=A+C-1
X D I O=8B+D-1
N Q "

Result of filtering in the frequency domain with
properly padded input images.
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4.6 Implmentation
22 : )

TTTITYT Y

FIGURE 4.39 Padded lowpass filter is the spatial domain (only the real part 1s shown).

FIGURE 4.40 Result of filtering with padding. The image is usually cropped to its
original size since there 1s little valuable information past the image boundaries.
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<] " ‘h‘ 4.6.4 The Convolution and Correlation Theorems

Rafael €. Gonzalez

» Convolution YRR
f(x,y)*h(x, y)——z £ (x,y)h(x—m,y—n)
) s, ) F (e Wi,

J(x, y)h(x, y)<F(u, v) *H(u, v)
» Correlation v
15, ) h(x, y) MNZZf (x,y)h(x+m,y+n)

o Sl y)h(x, ) SFHu, v)H(w, v
J*x, ) hix, y) <EF(u, v)H(u, v)
- Autocorrelation:  fix, ) (x, v) < |F(u, v)|°
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FIGURE 4.41

(a) Image.

(b} Template.

() and

(d) Padded
images.

(&) Correlation
function displayed
s an image.

(1) Horizom tal
profile line
through tha
highest valug in
(2).showing the
point at which the
best match took
place.

Highest correlation
value

4.6.4 The Correlation

Giray-level
profile line
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ThBlE 4.1
Summary of some
important
properties of the
2-D Fourier
transform.
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4.6 Implmentation

Property

Expression(s)

Fourier transform

[nverse Fourier
transform

Polar
representation

Spectrum

Phase angle
Power spectrum
Average value

Translation

l*lrfl"-

"’{'- ?f[.l' }}E F2riux M+wy /N
‘w‘w x=0 y=0

Flu,v) =

=

f(x,y) = T EF[“ p)el2minx) ‘M + /N
=0 w=0

Flu,v) = |F(u. v)

l\_

e Jeb{ )

F(u.v)| = [R¥(u.v) + I*(w.v)]">. R = Real(F) and
I = Imag(F)

o[ e e) ]

dlu, v) = tan [ 2

P(u,v) = |F(u,v)|

B ] M-1 N1

f(x,y) = F(0,0) = SV _TEE] 2:_11‘(,1:. y)

f(x, y)eRmmx/MnyiNG oo By — g v — )
Flx — x00y — yo) & Flu, v)e om/smmy
When xy = uy = M/2and vy, = vy = N/2.then
fla. (1YY <= Flu— M/2.v— N/2)

flx — M/2,y — N/2) <& F(u.v)(—1)"""
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Conjugate
svmmetry

Differentiation

Laplacian

Distributivity

Scaling

Rotation

Periodicity

Separability

Flu,v) = F*(—u,—v) _
|F (1. v)| = |F(~u. )| 4.6 Implmentation
Lf”ﬂ = (ju)"F{u. v)
r» . d"F(u, v)
(—ix)"'f(x.y) & ——— TABLE 4.1
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T (continued)
Vif(x, y) & —(uf + v*)F(u, v)
[fi(x.y) + fulx )] = 3[fi(x. »)] + [falx. y)]
Lfilx, y) - Rl 9)] # S[fi(x y)] - S x, p)]

af(x. y) < aF(u.v). f(ax. by) < ﬁF(u!ak v/b)

fod

oy

ot

X = rcos# y = rsind U= wCosSE V= wsing
f{rh H + H[]:] — F(Ifll.i"{; + H[]}I

F(u,v) = Flu + M.v) = Flu,v + N) = Flu + M,v + N)
fley)=flx + M.y) = f(x.y + N) = f(x + M,y + N)

See Egs. (4.6-14) and (4.6-15). Separability implies that we can
compute the 2-D transform of an image by first computing 1-D
transforms along each row of the image. and then computing a
1-D transform along each column of this intermediate result.
The reverse, columns and then rows, yields the same result.
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4.6 Implmentation

Property Expression(s)
Computation 1 oAt o
{11"1]1:;3 inverse MN f(x,y) = VN E F;Fﬁ (u, v)e Fomis i&ililji;;ll
Fourier _ This equation indicates that inputting the function F*(u, v)
lranslorm using  jntg an algorithm designed to compute the forward transform
a forward (right side of the preceding equation) vields f*(x, y)/MN.
Ashikilijal Taking the complex conjugate and multiplving this result by
algorithm MN gives the desired inverse.
M-1 N
Convolution’ flx.y)=h(x.y) = > Tfl[m n)h(x — m.y — n)
MN =, =,
. 1 M-1 N1
Correlation’ flx.y)eh(x.y) = > M fH(m.n)h(x + m.y + n)
HN m=0 n=i
Convolution flx.y)*=h(x.y) & Flu.v)H(u v).
theorem’ flx.v)h(x,y) = Flu.v)+ H{u v)
Correlation flx,v)eh(x.y) < F*u, v)H(u, v);
theorem’ fe(x. v)h(x,y) < Flu,v) e H(u,v)
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Image
Processing 41,

4.6 Implmentation

TABLE 4.1
(continued)
Impulse olx,y) = 1
Gaussian AVImae T YY) o Ae W Hv)200
sin(wua) sin(wvb)
Rectangle rect[a, b] < ab fr(ua+vb)
(mua)  (wvh)
Cosine cos(2mugx + 2mupy) <
1
5 [8(u + up. v + vy) + 8(u — . v — vy)]
Sine sin(2augx + 27vy) =
1

" Assumes that functions have been extended by zero padding.
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4.6 Implmentation — Fast Fourier Transform

24':”:} | I I | | | | | | | | | | FIGURE 4"‘42
Computational
advantage of the

1800 | FF'[' over a d.{rc ct
implementation
of the 1-D DFT.
Note that the

C(n) 1200 advantage
increases rapidly
as a function of .
600 -
0

1 2 3 4 5 6 7 8§ 9 1011 12 13 14 15
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